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Abstract 

We construct an Euler system of generalized Heegner cycles to bound the Selmer group 
associated to a modular form and an algebraic Hecke character. The main argument is based on 
Kolyvagin’s method adapted by Bertolini and Darmon ||2l and by Nekovaf ifTTll while the key 
object of the Euler system, the generalized Heegner cycles, were first considered by Bertolini, 
Darmon and Prasanna in a. 
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1 Introduction 


Kolyvagin |[T4l[TT]l constructs an Euler system based on Heegner points and uses it to bound the size 
of the Selmer group of certain (modular) elliptic curves E defined over Q, over imaginary quadratic 
fields K assuming fhe non-vanishing of a suifable Heegner poinf. In parficular, fhis implies fhaf 

rank(E(/s:)) = 1, 

and fhe Tafe-Shafarevich group ni(£'/^) is finite. Berfolini and Darmon adapf Kolyvagin’s de- 
scenf fo Mordell-Weil groups over ring class fields ||2l. More precisely, fhey show fhaf for a given 
character x of Gsi\{Kc/K) where Kc is fhe ring class field of K of conductor c, 

mr)k{E{KcY) = 1 

assuming fhaf fhe projecfion of a suitable Heegner point is non-zero. More generally, one can 
associate to a modular form / of even weight 2r and level ro(A^) a p-adic Galois representation 
Tp{f) l[T3ll22l . For a given number field K, there is a p-adic Abel-Jacobi map 


where 


• A is the Kuga-Sato variety of dimension 2r— 1, that is, a compact desingularization of the 
2r — 2-fold fibre product of the universal generalized elliptic curve over the modular curve 

• CW{X/ K)() is the r-th Chow group of X over K, that is the group of homologically trivial 
cycles on X defined over K of codimension r modulo rational equivalence, 

• El^{K,Tp{f)) stands for the first Galois cohomology group of G&\{K/K) acting on Tp{f). 

Nekovaf ifTTll adapts the method of Euler systems to modular forms of higher even weight to de¬ 
scribe the image by the Abel-Jacobi map of Heegner cycles on the associated Kuga-Sato 
varieties, hence showing that 

dim(Qp(<I>pA-(e/ CH'‘(A/K)o) (8)Zp Qp) = 1 

for a suitable projector ef, assuming the non-vanishing of a suitable Heegner cycle. In Article f8], 
we combined these two approaches to study modular forms of higher even weight twisted by ring 
class characters x of imaginary quadratic fields and showed that 

dimQ^X‘*>/,zA(^/,z CH''(X/K)o)(8)z„Qp) = 1 

for a suitable projector assuming the non-vanishing of a suitable generalized Heegner cycle. 
In this article, we study the Selmer group associated to a modular form of even weight r -|- 2 and 
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an unramified algebraic Hecke character i/r of A' of infinity type (r,0). Our setting involves the 
generalized Heegner cycles introduced by Bertolini, Darmon and Prasanna in |4|. 

Our motivation stems from the Beilinson-Bloch-Kato conjecture that predicts that 

dimQ^,(<I>/^y,/f (e/,^ CW{W/K)q) Qp) = ord^^r+iLif ® 


where 

aC^K 

is the theta series associated to i/r ||20l [TSll . VP is a Kuga-Sato like variety, and is a suitable 
projector. 

Let / be a normalized newform of level ro(/P) where N >5 and even weight r+ 2 > 2. De¬ 
note by A' = Q(\/—D) an imaginary quadratic field with odd discriminant satisfying the Heegner 
hypothesis, that is primes dividing N split in K. For simplicity, we assume that 

= 2 . 


Let 


V^: A, 


C" 


be an unramified algebraic Hecke character of K of infinity type (r,0). There is an elliptic curve 
A defined over the Hilbert class field A'l of K with complex multiplication by We further 
assume that A is a Q-curve, that is A is A'l - isogenous to its conjugates in Aut(A'i). This is possible 
by the assumption on the parity of D, (see ||9j Section 11]). Consider a prime p not dividing 
ND^{N)NANxf,, where Na is the conductor of A and Nxf, is the conductor of y/. We denote by 
Vf the /-isotypic part of the p-adic etale realization of the motive associated to / by Scholl ll22]| 
and Deligne f7l twisted by ^ and by V'y, the p-adic etale realization of the motive associated to 
y/ twisted by |. More precisely, V^, is the i/r-isotypic component of the first Galois cohomology 
group of 

res^,/Q(A) = n 

fTeGal(Xi/Q) 

where is the a-conjugate of A, (see Section|2]for more details). Let ffp be the ring of integers 
of 

A = Q(ai,fl'2,--- ,bub2,---), 


where the a,’s are the coefficients of / and the bi’s are the coefficients of the theta series 


ac^K 


associated to y/. Then Vf and 1/,^ will be viewed (by extending scalars appropriately) as free 
Zp-modules of rank 2. We denote by 


V = Vf Vxf, 
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the /7-adic etale realization of the tensor product of Vf and and let Vp be its localization at a 
prime p in F dividing p. Let be the localization of at p. Then Vp is a four dimensional 
representation of Gal(Q/Q) over with coefficients in 

End(Res/f,,Q(A)/Q) = ©cTgGai(/r,/Q)Hom(A,A''), 

(see Section IDl. 

By the Heegner hypothesis, there is an ideal ^ of satisfying 

^^/^ = Z/A^Z. 

We can therefore fix Fi (A^) level sfrucfure on A, thaf is a poinf of exacf order N defined over fhe ray 
class field L\ of K of conductor jY. Consider a pair ((pi ,Ai) where Ai is an ellipfic curve defined 
over K\ with level N structure and 

(pi :A —>Ai 

is an isogeny over K. We associate to it a codimension r + 1 cycle on V 

T(pj = Graph{(piY C (A x Ai)'' ~ (Ai)'' x A'" 
and define a generalized Heegner cycle of conductor 1 

) 

where is an appropriafe projector ([Til. Then A(p^ is defined over Li. We consider fhe coresfricfion 

P{(pi) = corL^,K^f,^FpY\i) e H\K,Vp/p) 
where i^ ibe p-adic efale Abel-Jacobi map. The Selmer group 

SFH\K,Vp/p) 

consisfs of the cohomology classes which localizations at a prime v of /f lie in 

f {KYlKv,Vplp) for V not dividing NNaN^P 

\ Hj{Kv,Vp/p) for V dividing p 

where Ky is the completion of K at v, and Hj{Ky,Vp/p) = p) is the finite part of 

H^{Ky,Vp/p) 101. Note that the assumptions we make will ensure that H^{KY/Ky,Vp/p) = 0 for 
V dividing NNaN^i/. We denote by Fr{v) the arithmetic Frobenius element generating GafiKY/Ky), 
and by fi = Gai(Ky/KY). 

Let h be the class number of K, and let ai, • • • , a/, be a set of representatives of the ideal classes 
of For a cohomology class c in {K, Vpjp), we define 

= T ^i-c 

” i=\ 
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where a,- -c is the image of c by the map H^{K,Vp/p) —)• H^{K,Vp/p/Vp/p [a;]) induced by the 
projection map 

^p/p —^ ypipjypip [ad- 

Then = c'^ and it is independent of the choice of representatives ai, • • • , 0 /,. 

Theorem 1.1. Let p be such that 

{p,ND(1){N)NaN^) = 1. 

Suppose that Vpjp is a simple Aut^^ {Vp/p)-module and suppose that Gal(Li/Li) does not act 
trivially on Vpjp. Suppose further that the eigenvalues of Fr(v) acting on Vp are not equal to 

1 modulo p for v dividing NNaNxi,. Assume that 0 in H^{Kf/pjpf^. Then the \j7- 

eigenspace of the Selmer group S'^ has rank 1 over ^F,plP- 

To prove Theorem 11.11 we first consider the p-adic etale realization of the twisted motive V 
associated to / and t/r in the middle etale cohomology of the associated Kuga-Sato variety. This 
provides us with a p-adic Abel-Jacobi map that lands in the Selmer group S. Next, we construct an 
Euler system of generalized Heegner cycles which were first considered by Bertolini, Darmon and 
Prasanna in [4]. These algebraic cycles lie in the domain of the p-adic Abel Jacobi map. In order to 
bound the rank of the 1/f-eigenspace of the Selmer group S'^, we apply Kolyvagin’s descent using 
local Tate duality, the local reciprocity law, an appropriate global pairing of S and Cebotarev’s 
density theorem. 

Our development is an adaptation of Nekovaf’s techniques lUTl and Bertolini and Darmon’s 
approach Q. The main novelty is that the algebraic Hecke character t/r is of infinite type. In 
particular, the Galois representation associated to V is four-dimensional over &F,p/P- 

2 Motive associated to a modular form and a Hecke character 

In this section, we describe the construction of the four dimensional Gal((Q/(Q)-representation 

= (^/ Vyjp, 

where pis a prime of F dividing p. Denote by Yi(N) the affine modular curve over Q paramefris- 
ing ellipfic curves wifh level Ei (A). Lef j :Y\{N) ^ (A) be ifs proper compacf desingularizafion 

classifying generalized ellipfic curves of level ri(A). The assumption A > 5 allows for fhe def- 
inifion of fhe generalized universal elliptic curve n : S —)• Ai(A). Denote by Bj. fhe Kuga-Safo 
variefy of dimension r + 1, fhaf is a compacf desingularizafion of fhe r-fold fiber producf of S over 
Ai(A). We lef W be fhe 2r+ 1-dimensional variefy defined by 

w = WrX A'', 

where A is as in SecfionH] We denote by [a] fhe elemenf of End/^j (A) (g)^ Q corresponding fo an 
elemenf a of K. Given fwo non-singular varieties X and Y over a number field, fhe group of cor¬ 
respondences Corr'"(A,T) = x F) is fhe group of algebraic cycles of codimension 
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dim(X) +m on X xY modulo rational equivalence, (see IS) Section 2] for more details). Consider 
the projectors 


.(0 


e\ = 


V 2V^ ) 2^ ) 


,( 2 ) _ 


and 


( 1 ) ( 2 ) 

eA=eyoey 


in Q[End(A)]''. These projectors and ca belong to the group of correspondences 

Corr°(A'',A'')Q = Corr°(A'',A'') 

from A’’ to itself. Let 

= (Z/X X li2y XI 

where /r 2 = {±1} and is the symmetric group on r elements. Then T^ acts on Wr, (see 

Sections 1.1.0 and 1.1.1] for more details.) The projector ew in Z - 

[2iVr! 

called Scholl’s projector, belongs to the group of zero correspondences Corr°(W)., W).)(q from W,- to 
itself over Q, (see ||3l Section 2.1]). Let 


[Lrl associated to L, 


er = eweA', (1) 

be the projector in the group of zero correspondences Corr°(VT, VT)q from W to itself over Q. We 
consider the sheafs 


^ = j*SynY'{R^n^’Lp) and = i*Sym\R^KyLp)®eAHl,{A^,l.p). 

Proposition 2.1. The etale cohomology group 

Hl,{XyN)®^,^A) 

is isomorphic to 

erHl[+\W 

and 

Hi (Xi {N) caH:, (A^, Zp ). 

Also, we have 

erHl{W®Q,Zp) = 0 

for all lyirA 1. 

Proof. The proof is a combination of l[22l theorem 1.2.1] and iH proposition 2.4]. Note that the 
proof in ll22l theorem 1.2.1] involves Qp coefficients but it is still valid in our setting, (see the 
Remark following ifTTl Proposition 2.1]). □ 
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Let B = ro(A^) /r 1 {N). We define 

V = cbHI, {X,{N)®Q,^A){r+\) 

where eg = Given rational primes ^ coprime to NNaN^, the Hecke operators provide 

correspondences onXi(A/^) |[22]| . inducing endomorphisms of L. Letting 

/ = Ker{T —> aibi, yi\NNAN^}, 

we can define the (/, i/r)-isotypic component of V by 

V = VjIV. 

Hence, there is a map m : V —)• V that is equivariant under the action of Hecke operators Ti, 
for £ not dividing NNaN^, and under the action of the Galois group Gal(Q/Q). The /-isotypic 
component of + 1) gives rise (by extending scalars appropriately) to Vf 

and eAH^f{A'',Zp){^) gives rise to They are free 0 Zp-modules of rank 2. Hence, 

= (^/ Vy)p 

is a four dimensional representation of Gal(Q/Q) over with coefficients in 

End(A/Q) = ©^gGai(///Q)Hom(A,A'"). 


3 p-adic Abel-Jacobi map 

We use Proposition 12. II to view the p-adic etale realization of the twisted motive V associated to / 
and Y in the middle etale cohomology of the associated Kuga-Sato varieties. For an integer n with 
{n,pNNAN^) = 1, let 

Lfi — Li ■ Kfi 

be the compositum of the ring class field K„ of K of conductor n with the ray class field Lj of K of 
conductor JV. Consider the p-adic etale Abel-Jacobi map 

CH'-+nW/L„)o (W©Q,Zp(r+l))) , 

where CH'"^'(W/L„)o is the group of homologically trivial cycles of codimension r-|- 1 on W 
defined over L„, modulo rational equivalence. This map factors through er{CW^'^ {yV /L„)o <8) Zp) 
as the Abel-Jacobi map commutes with correspondences on W. Composing the Abel-Jacobi map 
with the projectors Cr and eg and with m : V — V, we obtain a map 

: eriCW+^W /Ln)o®^p) ^ H\L„,V), 

which is T[Gal(L„/Q)]-equivariant. 
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Conjectures and motivation. Beilinson l[T] Conjecture 5.9] predicts that 

dimQ^?rCH''+^(ly/.^:)o = ords=r+iL{f'S i 6xi,,s). 
Bloch and Kato l^ll conjecture that 

■ e,CH''+' iW/K)o SqQp^SSz, Qp 
is an isomorphism. As a consequence, one expects that 


dimQ^(S(8)Zp Qp) = ords=r+iL{f S 0^,^). 

In certain settings to be relaxed in his forthcoming work, Shnidman ll2^ Remark X.2] relates 
L'{fS 0i^,r+ 1) to the complex valued height < • , • >b of A,j,, defined by Beilinson |T], that is 

L'{fSdyir,r+l)=<A(pi , A^, >B 

up to an explicit constant. However, it is worth noting that the pairing < • , • >b is not known to be 
non-degenerate. 

Kolyvagin’s results ifTdl combined with those of Gross and Zagier ifT^ prove the Birch and 
Swinnerton-Dyer conjecture for analytic rank less than or equal to 1. This is the particular case of 
the Beilinson-Bloch-Kato conjectures where the modular form / is associated to an elliptic curve 
and Y is the trivial character. Nekovaf’s results ifTTl ITSll that correpond to the setting where i/r is 
trivial provide further evidence towards a p-adic analog of the Beilinson-Bloch-Kato conjecture of 
the form 

dimQ^(Im(<I>y;/f) Sz^ Qp) = ords=r+iLp{f,s) 

due to Perrin-Riou lH section 2.8], lfT9ll . Shnidman |[2^ relates the order of vanishing 

ords=r+iLp{fSdxi^,s) 

of the p-adic L-function at 5 = r -|- 1 to the height of the image by the p-adic Abel-Jacobi map of 
an appropriate generalized Heegner cycle of conductor 1. In this article, we prove that 

dimQ^Xlm(<I>p^,;f)'''(8)Zp Qp) = 1. 


4 Generalized Heegner cycles 

We describe the construction of generalized Heegner cycles following Bertolini, Darmon and 
Prasanna 0|. Consider pairs (<p,',A,) where A,- is an elliptic curve with level N structure and 


is an isogeny over K. Two pairs 


(•PmA/), {(PjAj) 


are said to be isomorphic if there is a ^-isomorphism a : A,- — > Aj satisfying ao(pi = (pj. Recall 
that c/T is an ideal of such that Gk! Let/5og'^(A) denote the isomorphism classes 
of pairs with ker{(pi) nA[^] trivial. For (ip;,A,) in Isog'^ (A), we associate a codimension 

r -|- 1 cycle on W 

T^. = graph{q)iY C (A x A,/ (A,)'' xA’’ cWrXA'' 

and define a generalized Heegner cycle 


A(p, — e^X (p.. 

We view graph{(pi) as a subset of A, x A. Denote by D^, the element 

{graph{(pi) — 0 X A — deg((p,)(A,- x 0)) in NS{Ai x A), 

where NS{Ai x A) is the Neron-Severi group of A,- x A. Then by an adaptation of ifTSl Para¬ 
graph II.3.2], we have 

^(Pi = ^Ar 

Let us assume that the index i of A,- indicates that End(A,), which is an order in has conductor 
i. Then A(p. is defined over the compositum of the abelian extension K of K over which the iso¬ 
morphism class of A is defined, with the ring class field K, of conductor i. Since K is the smallest 
extension of Ki over which G^f{K/K) acts trivially on A[JA], it is equal to the ray class field L\ of 
K of conductor ^. Therefore, A,p. is defined over 

Li = L,Ki. 

Hence, 

A(p. belongs to {W /L,). 

In fact, Aip. is homologically trivial on W as shown in H proposition 2.7]. In the rest of this section, 
we consider elements {(pi,Ai) and {(pj,Aj) mlsog^{A). 

Lemma 4.1. Consider the map 


g xl :AiXA — Aj X A, 

where g : A,- —^ Aj is an isogeny of elliptic curves and I: A —?■ A is the identity map. Then 

fex;).D,,=deg(s)gMD.^. 

Proof. We denote the intersection pairing of two divisors by a dot. We have 

(g X If Da, ■ {g X If Da, = Aog{gfDA, ■ Da^, 
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where 


DAi ■ DAi 

= (graph((p,) -Ox A- deg(<p,)A,- x 0) • (graph((p,) - 0 x A - deg((p,)A,- x 0) 

= graph((p,) • graph((pi) + 0xA-0xA + deg((p,)A,- x 0 • deg((p,)A,- x 0 
- 2graph((p,) • 0 x A - 2graph((p,) • deg((p,)A; x 0 + 2deg((p,)A,- x 0 • 0 x A 
= 0 + 0 + 0 -2deg^{(pi) - 2deg{(pi) + 2deg((p,-) 

= -2 deg^ ((?),•) • 

In the previous eomputation, the equality graph((p,) • graph((p;) = 0 follows from the implieation 

(x, q)i{x)) = (x, (pi{x) +P) P = 0 
for a translation of (p, (x) by some quantity P. Henee, 

{g X /)*Da,- • {g X I)^Da, = -2deg{g fdeg^{(pi). 


The indueed map 


(g X /)* : NS{Ai X A) —> NS{Aj x A) 

respeets the subgroups generated by eomplex multiplieation eyeles. Then, sinee 


{g X = kDAj, 


where Aj = g(A,) and ^ > 0, we have 

(g X /)*Da, • (g X /)*Da, = k^DAj ■ Daj = -2k^d&g^{(pj). 
The equality — 2deg(g)^deg^((p,) = —2^^deg^((py) then implies that 


and 


fc = deg(g) 


deg((p,-) 

deg(«Pi) 


(g X /)*Da,. = 


deg(g) 


deg((p,) 

deg (9;) 


□ 


5 Euler system properties 

We study eertain global and loeal norm eompatibilities of generalized Heegner eyeles satisfying 
the properties of Euler systems. We have (g) Zp = ©p,|p^F,p, where is the eompletion of 
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ffp at the prime pi dividing p. Recall that Vp = (V/ (8)^^ V^,)p where p is a prime of F dividing p. 
For a Galois representation V, 

FiV) 

will designate the smallest extension of F such that Gal(F/F(F)) acts trivially on V. We denote by 
Frobv(Fi/F 2 ) the conjugacy class of the Frobenius substitution of the prime v G F 2 in Gal(Fi/F 2 ) 
and by Frobc„(Fi/Q) the conjugacy class of the complex conjugation T in Gal(Fi/Q). A rational 
prime £ is called a Kolyvagin prime if 

{£,NDNaN’^p) = 1 and aib^ = f'+l = a^ — b^ + A = 0 modp. (2) 

Let 

L = K{pp){Vplp), 

where Pp is the group of p-th roots of unity. Condition Q is equivalent to 

Frobf (L/Q) = Frob<» (L/Q). (3) 

Indeed, it is enough to compare the characteristic polynomial of the complex conjugation {x^ — 
1)^ = — 2x^ + 1 acting on Vpjp with roots —1 and 1, each with multiplicity 2, with the twist by 
r + 1 of the characteristic polynomial of the Frobenius substitution at i acting onVpjp with roots 

aia 4 , a2«3, and a 2 C (4 

satisfying 

aia2=£’', ai + a2 = bi, a3a4 = f"'+\ a3 + a4 = a^. 

The characteristic polynomial of Frob(£) acting on Vpjp is 

(x — a\a 2 ,){x — a\a/C){x — a 20 L-i){x — oi 2 a 4 ) 

= {x^ - {a\a-i + aia4)x + afa3a4)(x^ - (a2«3 + a2aA)xF a^a-iai) 

= {x^ -aiuix + F^^af) {x^ - a2at,x + 

We use the equality (ai + a 2 )^ = Off + + 2ai a 2 that is — 2F = af + af to conclude that the 

latter equals 

x^ - (a2«r + (X\a()x^ + + aia2«f) ^ 

- + a2«ro:f) x + 

= x‘^ - agbix^ + {f^^bj - 2£^''+^ + ajf) 2 ? - £^''^^ae{ai + a 2 )x + 

= x^- aebex^ + {t+^bj - 2f’'+^ + ajf) 2 P - f’'+^beaix + 

To twist this characteristic polynomial by it is enough to map x i-G F^^x. We obtain 

^4r+4^4 _ + fr+2 _ 2 fr+l ^ ^2 _ 

_ pAr+A f .4 ,3 F+^bj-2f^+'^ +ajF _2 biae 1 \ 

ir+l^ + p.r+2 ^ £r+2^~^()2j- 
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On the one hand, using the congruences 

= £+1 = ^£+4 = 0 mod p, 

we find that the characteristic polynomial 

- 1 :^ + 1 

of the complex conjugation t acting on Vpjp is congruent to the characteristic polynomial of 
Frob(£) acting on V^/ p. On the other hand, comparing the action of the Frobenius element Frob^ 
and the complex conjugation T on l^p, where l^p is a p-th root of unity, we obtain 

Cp = Frobf(Cp) = Frob„(Cp) = 

This implies that 1 = mod p. As a consequence. Condition dD is necessary to satisfy Equality 

Let n = l\ -■ ■ n squarefree integer where £,• is a Kolyvagin prime for / = 1, • • • , A:. The 
Galois group Gal(A'„/^i) is the product over the primes i dividing n of the cyclic groups 

Gt = G?^{Ki/K,) 

of order i + l. We denote by Oi a generator of Gt. The extensions L\ and Kn are disjoint over K\. 
Indeed, if 7 = Li is a non-trivial extension of Tfi, then Gal(7/7ri) = Gsi\{K^. /K) for some 
ii- dividing n. This implies that the primes 7/ ramify in 7 and hence also in Li, a contradiction 
since {n,N) = 1. Hence 

G„ = Gal(L„/Li)~Gal(7:„/7:i). 

The Frobenius condition on ^ implies that it is inert in K. Denote by A the unique prime in K 
above i. Writing n as n = Im, we have that A splits completely in L„j since it is unramified in L,„ 
and has the same image as Froboo(L/7f) = = Id by the Artin map. A prime A„, of L,„ above A 

ramifies completely in L„. We denote by A„ the unique prime in L„ above A^. Consider the image 
of A(p^^ by the Abel-Jacobi map 

: er{CW+\W/L„)o0Zp) ^ H\L„,V). 

Proposition 5.1. Consider (A„,(p„) ~ (A„j,<p„,) G Isog^{A) where n = Im for an odd prime t 
Then 

Proof By ISTi corollary 11.41. 

nj 

where the generalized Heegner cycles A,p^_ correspond to elements 

{Afi- , (pfj. ) ~ (A„j, (pffi ) 
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in Isog'^ {A) for elliptic curves A„. that are ^-isogenous to respecting level N structure. These 
elliptic curves A„. correspond to gA^ where 

g E Gal(L„/L„) ~ G^^{Kn/K„) ~ Gal(^^/i5:i). 


Hence 

L = L = corL„ ,L„, (A,p„) = aebiA^,,, , 

«/ geGa\{L„/L,„) 

where the last equality follows from the action of T^onV. Finally, we apply the p-adic Abel-Jacobi 
map which commutes with Ti to obtain Ti <!>/>,l,„ {^(p,„) = corL„,L„,^f,^,,L„ (\„)- □ 

For an element c E H^{F,M), we denote by reSv(c) E H^{Fy,M) the image of c by the restriction 
map F[^ {F,M) —)■ //' {Fv,M) induced from the inclusion 

Gal(F;/F^)Gal(F/F). 

Proposition 5.2. Consider {An, %) ~ (A,„, (p^) E Isog^ {A) where n = ^m. Then 


resA„‘S’/,v/A(^<pJ = ^ Frob^(L„/L^) res^^^_<I)/,^,i,„(A^„) 


for k 


deg((p,) 

deg((P;)‘ 


Proof. Since A,„ completely ramifies in L„, we have 


which is isomorphic to the finite field with elements as i is inert in K. As a consequence, the 
reductions of the elliptic curves A„ and Am at and Xm are supersingular. Hence the £-isogeny 
from A„ to Am reduces to the Frobenius morphism Frob^. Therefore, we have Frob^(A„,) = A„ 
mod Xn- By Proposition 14.11 this implies 


(Frob<. X /)*Da,„ = k Da„ mod 


where k = 


deg(<p,) 

deg(<P;) 


from which the result follows. 


□ 


6 Kolyvagin cohomology classes 

We denote by 

d*/, v/,L„ (A^, J P E ^ {Ln , Vp) 

the image of <!>/• E by the map F[^{Ln,V) —)■ H^{Ln,Vp) induced by the pro¬ 

jection V —)• Vp. Let 

y<?n ^ H^{Ln,Vp/p) 
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be the image of ^ H\Ln,Vp) by the map H\L„,Vp) —> H\Ln,Vp/p) induced by 

the projection Vp -^Vp/p- We use certain operators dUl defined by Kolyvagin in order to lift the 
cohomology classes y,p,, G H^{Ln,Vp/p) to Kolyvagin cohomology classes ?{%) G H^{K,Vp/p), 
for appropriate n. 

Lemma 6.1. For all n, 


H\Ln,Vp/p)=H\U,Vp/p)=Q 
and Gal(L„(Vp/p)/L„) ~Gal(Li(l/p/p)/Li) 


Proof. The extensions L„/Li and Li(Vp/p)/Li are unramified outside primes dividing n and 
NaN^/Np- Therefore, LnFLiiVp/p) is unramified over Li and is hence contained in Li, the maxi¬ 
mal unramified extension of K of conductor JF. Hence, 


H\Ln,Vplp)=H\LuVplp). 


The result follows from the assumption that Vp/p is a simple AuIlj (Vp/p)-module and Gal(Li /Li) 


does not act trivially on Vpjp. 
Proposition 6.2. The restriction map 


□ 


resL,,L„-H\U,Vp/p) H\Ln,Vp/ pf’ 


is an isomorphism. 

Proof. Recall that G„ = Gal(L„/Li) and let G = Gal(Q/L„). The result follows from the inflation- 
restriction sequence 




□ 


Tr^ = ^ a^, Di = Y^ ia^ in Z[G(\. 


(4) 


They are related by 


(Q-l)D^ = £+l-Tr^ 


(5) 


Define 


D„ = Y{D^eZ[G„]. 
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Proposition 6.3. 


Proof. It is enough to show that for all i dividing n, 

{Oi - l)Dnyq,„ = 0. 

We have 

((Ji — 1)D„ = {Oi — \)DiDm = {l+\— TrfjDm, 
where the last equality follows by Relation ([S]). Since resL,„,L„ ocor^^^ = Tr^, 

(£ + 1 - Tr^)D;„red(<I>/,^,L„ 

= (£ + 1 )Dmred(<I>/^y,^L„ i^(p„)p) — Dma£biKd{^f^xf,^L„ {^(p„ )p) 

= 0 mod p. 

by Proposition 15. H and Condition |2] □ 

As a consequence, the cohomology classes D„y,p„ G H^{Ln,Vp/p)^" can be lifted to cohomol¬ 
ogy classes c{(p„) € H^{Li,Vp/p) such that 

resL,,L„c((p„) =Dnyq,„. 

We define 

P{(pn) = corL^^Kc{(pn) in H\K,Vp/p). 

For a place v of A' and a cohomology class c in PI^{K,Vp/p), we denote by resv{c) the image of c 
by the map PI^{K,Vp/p) —)• PI^{Kv,Vp/p) induced by the inclusion Gk,. ^ Gk- 

Proposition 6.4. Let v be a prime of L\. 

1. Ifv\NANxj,N, then reSy(P(<p„)) is trivial. 

2. lfv\NAN-^,Nnp, then reSv(P(<p„)) lies in P[^{K'^''/Ky,Vp/p). 

Proof. 1. We denote by 

=Hom(VP, W(l)) 

the local Tate dual of Vp!p. The local Euler characteristic formula ifT^ Section 1.2] yields 

\H\K,yplp)\ = \H\K,,Vplp)\ X \H^{K,f/plp)\. 

Local Tate duality then implies 

\H\K,yplp)\ = \H\K,yplp)\ X = \ti\K,,Vplpt 


15 


d&Wpjp is self-dual. The Weil conjectures and the assumption on Fr(y) imply that 


{(V'p/p )''=0 

where < Fr{v) > = Gal(A'“'‘/A'v) and 1 = Gal (A',,/A'"'') is the inertia group. Therefore, 

H\K,,Vp/p) = {{Vp/pf^Y'-^^^ =0. 

2. If V does not divide NaN^Nup, then 

G// (^Lfiy/Lny^Vp/p'j 

for v' above v in L„. The exact sequence 

• • • H\LYylL„y,{VplpY) -> H\Lny,Vplp) ^ H\lYY/L:’-y,Vplp) ^ • 

allows us to view the cohomology class res,/D„y„ that belongs to Ker(res) as an element in 

H\LYylLny,Vplp). 

Since v is unramified in L„/Li, then resvc((p„) belongs to H^{LYy/L\^v,Vp/p). 


□ 


7 Global extensions by Kolyvagin classes 

We consider the restriction d of an element c of {K,Vp/p) to FI^{L,Vp/p). Then d factors 

through some finite extension L of L. We denote by 

L{c) = 

the subfield of L fixed by ker(d). Note that L(c) is an extension of L. In this section, we study 
extensions of L by Kolyvagin cohomology classes c and P{(Pq), where P{(Pq) will play a crucial 
role in the proof of Theorem ll.il We recall the statement of the theorem. 

Theorem 11.11 Let p be such that 

{p,ND(P{N)Na) = 1. 

Suppose that Vpjp is a simple AutLi(Vp/p)-module and suppose that Gal(Li/Li) does not act 
trivially on Vpjp. Suppose further that the eigenvalues of Fr{v) acting on Vp are not equal to 1 
modulo p for v dividing NNaN^,. P{(piY is non-zero in H^{K,Vp/pY, then the 1/7-eigenspace 
of the Selmer group has rank 1 over P- 

Recall thatL = K{pp){Vp/p). 
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Lemma 7.1. We have 


H\AutK{Vplp),Vptp) =h\lIK,VpIp) =0. 

Proof. First note that if f \k\iiKiyp/p )\, then 

H\A\itK{Vp/p),Vp/p) =0. 

If p divides \A\itK(yp/p)\, then since Vpjp is irreducible as an Autjf(F^/;7)—module, Dickson’s 
lemma ||2^ Theorem 6.21] implies that Aut/f(Vp/p) contains SL 2 (F^) for some q. In particular, it 
contains 21 where / is the identity map. Sah’s lemma ifTSl 8.8.1] states that if G is a group, M a 
G-representation, and g an element of Center(G), then the map .r —)• (g — 1) .r is the zero map on 
Therefore, by Sah’s lemma, the map .r i->- (2/ — l)x = Ix is the zero map on 

H\AutK{Vplp),Vplp) 

implying that H\AutK{Vp/p),Vp/p) =0. As a consequence, H^{K{pp){Vptp)lK,Vptp) = 0 
since p does not divide \Gal{K{iJ.p)/K)\ = p — l. □ 

We denote the Galois group Ga\.{L/K) by G. The restriction map 

r : H\K,Vp/p) ^ H\L,Vp/pf = UomG{Gam/L),Vp/p) 


has kernel 

Ker{r)=H\L/K,Vp/p)=0 
by Lemma r/TTl Consider the evaluation pairing 

[, ] : r{S) X Gal(Q/L) ^ Vp/p. (6) 

We denote by Gals(Q/L) the annihilator of r{S). Let be the extension of L fixed by Gals(Q/L) 
and Gs the Galois group Gal(L‘^/L). 

Remark 7.2. The element P(«pi) belongs to S by Proposition 16.41 Also, L{P{(pi)) is a subfield of 
L^. Indeed, assume p G Gal 5 (Q/L), fhen [s,p] = 0 for all s £ S. Hence, P(<Pi) defines a cocycle of 
S by 

p ^ p{P{(pi))-P{(pi) = 0. 

This implies fhaf p fixes L{P{(pi)), a subfield of L^. 

Proposition 7.3. There is a Kolyvagin prime q such that 

resfiP{(p\Y 


where jS is a prime dividing q in K. 
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Proof. By Ceboratev’s density theorem, there is a Kolyvagin prime q such that 

Frob^(L^/Q) = Th, Gal(L^/L(P((pi)’^)) 

for some h in Gal(L'^/L). The restriction of xh to L is indeed X. Let jS be a prime of L above q. 
Since Frob| 3 (L(P((pi)'^)/L) = {xKf' does not fix P{(pi)'^, jS is not in the kernel of the Artin map. 
Hence p does not split completely in L{P{(pi)'^). Therefore, respP{(pi)'^ / 0. □ 

Consider the following extensions 


Ho = HrH2 



where ^ is a Kolyvagin prime satisfying 


respP{q)i)'>' 

for some j8 in L above q (see Proposition (I7.3I) '). We define 

Vi = Gdl{Hi/F) for / = 0,1,2. 

An automorphism of L{P{(pi))/L corresponds to fhe mulfiplicafion of fhe generators of L{P{(pi)) 
over L by an elemenf of iyp)p ~ Vp/p. Hence 

Fi=Gal(L(P((pi))/L)~ Fp/p. 

Similarly, we have V 2 ~ Fp/p. We recall fhaf h is fhe class number of K, and Ui, • • • , a/, are a sef of 
represenfafives of fhe ideal classes of ^k- For a cohomology class c in {K,Vp/p), we defined 

” (=1 

where a,- -c is fhe image of c by fhe map H^{K,Vp/p) —^ H^{K,Vp/p/Vp/p [a,]) induced by fhe 
projection map 

^pIp —^ Fp/p/Fp/p [to]. 
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Note that c'^ is independent of the choice of representatives Oi, • • • , a/,. Furthermore, = c'^ 

lies inH^{K,Vp/p)'^. Wedenoteby 

H^ = LiP{(p,)'^), HY = L{P{(p,f), H^ = L{P{(p,)'^), Hj = LiP{(p,f), 

and we let 

V;<' = Gal{H^/Hi), = Gal(//f///,), for / = 1,2. 

We will show that 

H/'nH// = L. 

Lemma 7.4. There is an isomorphism of p-modules 

H\Kl^/Kx,Vp/p) ^H\Kl\Vp/p) 
mapping res;t^(<Pmr) io resiP{(p,n). Also, res^P{(p£) is ramified. 

Proof. This is an adaptation of lUl Section 5] that uses the properties of the Euler system considered 
in Proposition 15.11 and Proposition 15.21 □ 

Recall that T denotes complex conjugation. 

Proposition 7.5. The extensions H'/' and hJ are linearly disjoint over L. 

Proof. Linearly independent cocycles c\ and C 2 of H^{K,Vp/p) over Gp^p/p can be viewed by 
Lemma (17.11 ) as linearly independent homomorphisms hi and /i 2 in \lomQ^^ij£q{L,Vp/p) over 
Gp^p/p. Linearly independent homomorphisms hi and h 2 induce linearly disjoint extensions 
^Ker(/!i) ^Ker(/i 2 ) ^ Hcncc, if Hi and H 2 were not linearly disjoint over L, we would have that 

uici +U 2 C 2 = 0, for some ui,U 2 in (Gp^p/p)*, 

where 

ci=P{(pi)'>' and C 2 =P{%)'^. 

Lemma (17.41) implies that TespP{(pij)'l^ is ramified for j8 G A' dividing q and provides an isomorphism 
sending res^P((p^)'^ to respP{q)i)'<'. The latter implies by Proposition (17.3b that TespP{q)q)'i' is non¬ 
zero. This is inconsistent with the equality wici +M 2 C 2 = 0 since the nontrivial cocycles ci,C 2 have 
different ramification properties. □ 

8 Complex conjugation 

We study the action of complex conjugation on the image by the p-adic Abel-Jacobi map of gener¬ 
alized Heegner cycles. Recall that D^j is the element 

{graph{(pj) —0 X A —deg((p/)(A/ x 0)) mNS{Aj x A). 

In this section, we write D^i.cpj instead of D^j alone in order to keep track of the underlying map 

(Pj. 
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Lemma 8.1. There is an element o in Gdl{Kj/K) such that 

where El is the sign of the functional equation ofL(f,s). 

Proof We have that (t x I)*{Daj,(Pj) = Dt(Aj).i^- Article ITOl shows that tAj = WAi{oAj) for some 
a in G{Kj/K), hence 

(t X I)*{DAj,(pj) ~ ^T:{Aj),lpJ ~ ^WN{aAj),WNoao(pj- 

Consider the map 


WxI-.WnxA^WnxA: {{E,P),A) {{E / {P),P'),A), 

where P' is such that the Weil pairing < P,P' > of P with P' satisfies < P,P' >= for some choice 
of an A^-th root of unity 1^^/- Note that W has degree N. Also, 

WJ{'c)d^d^ = (-1)"^ £LN^^^f{r)drd^. 

This implies as in ifT/l Proposition 6.2] that 

^ ^)*^WN{aAj),Wi^oao(pj = {-^) ^ ■^^^^^HV(CTAd.Wivo(7o(pj) 


I_I deg'^fc),) 

while Proposition |4jJJ implies that the former equals N ’’-— 


deg''{(pj) 


. Hence, 


D 


r+2 


Wpj(aAj),WNoao(pj 


= {-l)^aLh 


deg'^fffl,) I_I 

where k\ = Applying Proposition 14.II to the map (a x /), we obtain 


d&g\(pj 


X ^Ai,ao(pji 


where ^2 = deg''(a) = deg''(a) ki. Hence, 

deg (<P;) 

i^xI)*{DA,.<p,)=D'„^^^AAw^oao<pj = deg-'-(a)(a x/)*(d;^^^^.). 


Therefore 


t<I>(A^.)^= (-l)'2'eLA''/2deg '■(a)a<I>(A^^)^. 


□ 
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Lemma 8.2. Let e = (—l)^eL and k = deg^''(a) Then 

TPicpi)'^ = ekaP{(pi)'*' and xP{(pq)'^ =-ekaP{(pq)'^. 
Proof. For an element c in P[^ {K, Vp/p), we have that 


1 


h 


1 


h 


= i(o,) T-(orc) =-^ i/r ^(a;) T(orc)T ^ = tY. V tct ' = 


h f 


h 


(=1 


!=i “;=i 

For c = P{(pj) and a in Gal(i^y/^), we have that 

= <^iai-c)o^^ = ^Y arCTca^^ = (ac)'^. 




hf 


i=l 


hi 


!=1 


Henee 


zP{(pi)'^ = {zP{(pi)Y = ekoP{(p])'^. 


The identity xDq = —DqX indieates that 

TP{(Pq)'^ = {TP{(()q)f = -ek 0 P{(()qf. 

For (vii,vi2,V2i,V22) in 

'f(vil,Vi 2 ,V 2 l,V 22 )T = (£^aTVi 2 ,£^aTVii,-£^aTV 22 ,-e^CJTV 2 l). 

We define 

^^0 = {(V11,V12,V21,V22) I £^aTvi, + vi,-,-£^aTV2y + V2;, i,j = 1,2 generate Fp/;?}. 
Then generates Vq+. We let 

L{Uo) = {(- rational prime | Frobf(//o/Q) = [lu],u G f/o}- 


□ 


9 Local to Global study 

Local Tate duality. Let Kx be a loeal field wifh residue field Fq and lef A be a finite group wifh 
an unramified aefion of Gal(^;L/^;L) killed by a prime p. Assume p divides ^ — 1 so fhaf Pp C Kx 
and lef A' = Hom(A,/rp). We denote by K‘^, the maximal tamely ramified extension of Kx, and 
by H^,.{Kx,*), the group F[^{K'f^ /Kx,*). The natural pairing Ax A' —)■ Pp yields the eup produet 
pairing 

H\Kx,A) xH\Kx,A') ^ H\Kx,Pp) =Z/pZ 
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which induces a perfect local Tate pairing 


IKx,A)^H\Kx,A')IH\KI^ iKxA) 


a-.H\Kl^lKx,A)=^A/{^-l)A 
be the evaluation map at the Frobenius element <j) where 

Gal(Kl'-/K^) =<(j)>. 

Then a is an isomorphism. The exact sequence of Galois groups 

0 ^ Gal(:^/^^) ^ Gal(ZI/^f) ^ Gal(^l/^f) ^ 0 

induces the exact sequence 

H\K{/Kl\A') ^H\Kl\A') ^H\KlA') ^0, 
where H^{K*^,A') = 0 since Gal(.^f;L/^^) is a pro-^ group. Therefore, 

H\Kl’-,A')c^H\KyKl’-,A')c^nom{Z/pZ{l),A')c^nom{^p,A'). 

Hence we have an isomorphism 

//'(^7,A')^Hom(Atp,A'). 

The exact sequence of Galois cohomology groups 

0— >H\kI^/K,A') — >H\Kx,A') — >H\kI\A')'^ —^0 

allows us to identify H^{Kx,A')/H\KI^/K x,A') with 

H\Kl\Ay ^\iom{pp,Ay. 

Hence, we obtain a perfect local pairing 

( • , • );t : H\Kl^lKx,A)^H\Kl\A'f ^ZlpZ. 

Set up of the proof. Given a Kolyvagin prime I, the Frobenius condition implies that it is inert 
in K. We denote by A the prime of K lying above £. We have a perfect local pairing 

( . , . )a ■.H\Kl^lKx,{Vypy)xH\Kl\Vyp)^'Llp, 

where Ix = G&\{Kx/K'^) and ^;7p-linear isomorphisms 

{H\Kl\Vyp)Y^-^ /Kx,{vypy) {VpIpY^^ - 1), (7) 
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where (j) generates We denote by 

res^-H\Ky^/p)^H\K^y^/p) 

the restriction map from H^{K,Vpjp) to H^{Kx,Vplp) induced by the embedding 

G&\{K^/Kx)^G?i\{K/K). 

Restricting the domain of resx to the Selmer group S, we obtain 

resx-S^H\K'i:-/Kx,{Vp/py^). 

Taking the Z/pZ-dual of this map, we obtain a homomorphism 

(Or.H\Kl\Vp/p)^S‘^'^‘^^. 

We denote 

Xi = co,{H\Kl\V^lp)) 

in . We aim to bound the size of by studying the set 

{^/}t€L{Uo)- 

Proposition 9.1. The modules {^r}£gL(j/o) generate 

Proof. Let G = Gal{L/K). Consider an element s of S. The restriction map 

HHK,V^/p)^H\L,Vp/pf 

is injective by Lemma (17.11) as 

Ker(res) =//'(L/i«:,Lp/p) =0. 

We identify s with its image by restriction in 

H\L,Vp/pf CliomG{L,Vp/p). 

We will show that 

{resxheim ■ S (Vp/p)'^)}teL(t/o) 

is injective. As a consequence, the induced map between the duals 

is surjective. Hence, it is enough to show that resx {s) = 0 for all £ E L{Uo) implies 5 = 0. Consider 
Hq, the minimal Galois extension of Q containing Hq such that s factors through Gal{Ho/L). Let 
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X be an element of Gal(//o/^) such that x\ho belongs to Uq- By Cebotarev’s density theorem, 
there exists £ in L{Uo) such that Frob£(//o/Q) = ['^^]- The hypothesis resx{s) = 0 implies that 
s{Frobx^{Ho/L)) = 0 for Xl above £ in L since Frob;LL(^o/T) is a generator of Gal(//o,A^/TAi,). 

where is above Xl in Hq. In fact, 

Frob;tL(^o/T) = = (rxf = x^x = (x+)^, 

where |D(L/Q)| is the order of the decomposition group D{L/Q), also the order of the residue 
extension. Therefore, = 0 for all x G Gal(//o/T) such that x\ho belongs to Uq. Since Uq 
generates Vq^, we have that s vanishes on Gal(//o/T)^. Hence, Im(5) lies in Vplp^, the minus 
eigenspace ofVpjp for the action of T. In particular, it cannot be a proper G-submodule of V^/ p. 

□ 


Proposition 9.2. The elements 


resxP{(piy and resxP{(piqy 

generate H^{KY,Vp/p)'^. 

Proof. We have 

H\Kffyplp)^Vplp{K^) 

by Q. The module Vp/p{Kx)'^ is of rank 2 over Gp^plp, hence, so is Pl'^iKff f/pjpf^. The 
Frobenius condition on I implies that 

gx = resxPif^x)^ and gx = resxPfPqf 

are linearly independent in P[^{Kff ,Vp/p)'^ over Gp^pjp. Indeed, if they were linearly dependent, 
then 

-gi, andg^''''"*^ -g2 

where Frob^(//o/Q) = Tu = ('fxii,Txi 2 ,TX 2 i,TX 22 ) would also be linearly dependent. The Frobe¬ 
nius condition implies that 

{Fmhe{Hi/L) =xJ^Xii = {rxnf, i = 1,2} 

generate {Vp/p), which yields a contradiction since (txh)^ acts on resxP((pi)''' which generates 

“.?i {'^^ 21 )^ acts on resxP{tPq)'^ which generates PlJ by —gi- Therefore, 

by Lemma (17.41) . resxP{(Pi)'^ and resxP{(piq)'^ are linearly independent in ,Vp/p)'^ over 

^F,p/P- 

□ 
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10 Reciprocity law and local triviality 


In this section, we use the local reciprocity law as well as the local properties of the Kolyvagin 
cohomology classes P{(Pn) to study the modules Xi for f in L(17o)- 

Proposition 10.1. We have 

^ <sl,resiP{(pn)'>' >;i=0. 

?L\i\n 

Proof. The proof follows fflTl proposition 11.2(2)] where both the reciprocity law and the ramifi¬ 
cation properties of P{%) in proposition 16.41 are used. □ 


Proposition 10.2. 1. The element (0({resxP{(pi)^) vanishes in Xj for £ in L{Uo). 

2. The modules are generated over Op^p!p by COq{res^P{(pi^q)^). 

3. The module S'^ is of rank 1 over Op^pjP- 

Proof 1. Recall that A is the prime above £ in K. The image of resiP{(pf}'^ by the map 

(Or-H\Kl\Vplpy ^Xj 

is the homomorphism 

S^ZlpZ : s'>'v^<sl,P{(pe)l>x. 

Proposition ! 10.1 1 implies that 

<s'[,P{(p,)l>^=0. 

Hence, the image by (Oi of resxP{(pe)'^, one of the two generators of {K^ ,Vp/p)'^ by proposi¬ 

tion 19.2! vanishes. 

2. Let j8 be the prime above q in K. Proposition (110.1!) implies that 

< >A + < ■ib’{(piq)'p >p=0. 

Hence, 

COt{resxP{(p^qY) + C0q{respP{(piqY) = 0 . 

Therefore, X^ is generated by (Oq{respP{(piq)'^) for all £ G L{Uq). As a consequence, 

c x^, 

where the rank one module Xq is generated over Op^pjp by (Oq{respP{(p(,^q)^) for some £q in 

T(f/o). 

3. By proposition (!9.1! ). the set {2f7^}fgL(t/o) generates Furthermore, P{(pi)^ belongs to 5"^ 

by Proposition (!6.4!) and is non-zero by the hypothesis on P{(pi)'^ and Proposition (!8.2!) . Therefore, 

rank(5^) = rank(5^"'''’’^) = 1 


over Op^pjp. 


□ 
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